
SIMPLE LINEAR REGRESSION:
DESCRIPTIVE

• How strong is the linear relationship?
(Correlation)

• Finding the line of best fit: theory
• Finding the line of best fit: in SAS
• How good is the fit?
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HOW STRONG IS THE LINEAR
RELATIONSHIP? (CORRELATION)
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Problem. Draw scatterplot of the following points.
Then find and interpret the strength of the linear

relationship:

1 2 2 3 4

2 3 4 3 4

x

y
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Answer: Draw scatterplot with PROC SGPLOT

data points;
infile datalines dsd;
input x y;

datalines;
1, 2
2, 3
2, 4
3, 3
4, 4
;

proc sgplot data=points; 
    scatter x=x y=y; 
run;
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Answer: Find correlation with PROC CORR

Interpretation: Since correlation , there is
strong (linear) association between  and .

proc corr data=points;
run;

r = 0.68
x y
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Different textbooks have different conventions of
"strong":

https://en.wikipedia.org/wiki/Correlation_coefficient
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https://en.wikipedia.org/wiki/Correlation_coefficient
https://en.wikipedia.org/wiki/Correlation_coefficient


Correlation  measures the direction and
strength of linear relationship:
r = cos(θx,y)
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FINDING THE LINE OF BEST FIT: THEORY
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Problem. Find the best fitting line (in the least squares
sense) that pass through the following points:

1 2 2 3 4

2 3 4 3 4

x

y
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Problem. Find the best fitting line (in the least squares
sense) that pass through the following points:

1 2 2 3 4

2 3 4 3 4

Model:

x

y

y = ax + b
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1 2 2 3 4

2 3 4 3 4

Fitted model (with additive error/residual term):

x

y

2 = a ⋅ 1 + b + e1

3 = a ⋅ 2 + b + e2

4 = a ⋅ 2 + b + e3

3 = a ⋅ 3 + b + e4

4 = a ⋅ 4 + b + e5
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Fitted model as matrices:

= [ ] +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣1 1

2 1

2 1

3 1

4 1

⎤⎥⎦ a

b

⎡⎢⎣e1

e2

e3

e4

e5

⎤⎥⎦ 12



Fitted model as matrices:

= [ ] +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣1 1

2 1

2 1

3 1

4 1

⎤⎥⎦
design 

matrix X

a

b

⎡⎢⎣e1

e2

e3

e4

e5

⎤⎥⎦ 13



Fitted model as matrices:

Choice of  that minimizes Euclidean length
of error vector:

= [ ] +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣1 1

2 1

2 1

3 1

4 1

⎤⎥⎦ a

b

⎡⎢⎣e1

e2

e3

e4

e5

⎤⎥⎦→a = (a, b)

→y = X→a ⇒ XT
→y = XTX→a

⇒ (XTX)−1(XT
→y) = →a
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→y = X→a ⇒ XT
→y = XTX→a

⇒ (XTX)−1(XT
→y) = →a

⇒ a = 0.5, b = 2
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Our model is .

→y = X→a ⇒ XT
→y = XTX→a

⇒ (XTX)−1(XT
→y) = →a

⇒ a = 0.5, b = 2

y = 0.5x + 2
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Our fitted model is:

= [ ] +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣1 1

2 1

2 1

3 1

4 1

⎤⎥⎦ a

b

⎡⎢⎣e1

e2

e3

e4

e5

⎤⎥⎦ 17



Our fitted model is:

= [ ] +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣1 1

2 1

2 1

3 1

4 1

⎤⎥⎦ 0.5

2

⎡⎢⎣e1

e2

e3

e4

e5
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Our fitted model is:

= +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣1 × 0.5 + 1 × 2

2 × 0.5 + 1 × 2

2 × 0.5 + 1 × 2

3 × 0.5 + 1 × 2

4 × 0.5 + 1 × 2

⎤⎥⎦ ⎡⎢⎣e1

e2

e3

e4

e5
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Our fitted model is:

= +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣2.5

3

3

3.5

4

⎤⎥⎦ ⎡⎢⎣e1

e2

e3

e4

e5
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Our fitted model is:

= +

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣2.5

3

3

3.5

4

⎤⎥⎦ ⎡⎢⎣−0.5

0

1

−0.5

0
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Our fitted model is:

= +

residuals

⎡⎢⎣2

3

4

3

4

⎤⎥⎦observed
y

⎡⎢⎣2.5

3

3

3.5

4

⎤⎥⎦predicted
ŷ

⎡⎢⎣−0.5

0

1

−0.5

0
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This is an orthogonal decomposition.

y

=

ŷ

+

residuals

⎡⎢⎣2

3

4

3

4

⎤⎥⎦ ⎡⎢⎣2.5

3

3

3.5

4

⎤⎥⎦ ⎡⎢⎣−0.5

0

1

−0.5

0
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Centering by  keeps it an orthogonal
decomposition.

y−ȳ

=

ŷ−ȳ

+

residuals

⎡⎢⎣−1.2

−0.2

0.8

−0.2

0.8

⎤⎥⎦ ⎡⎢⎣−0.7

−0.2

−0.2

0.3

0.8

⎤⎥⎦ ⎡⎢⎣−0.5

0

1

−0.5

0

⎤⎥⎦ȳ = 3.2

24



By Pythagorean theorem:

2

=

2

+

2∥⎡⎢⎣−1.2

−0.2

0.8

−0.2

0.8

⎤⎥⎦∥ ∥⎡⎢⎣−0.7

−0.2

−0.2

0.3

0.8

⎤⎥⎦∥ ∥⎡⎢⎣−0.5

0

1

−0.5

0

⎤⎥⎦∥ 25



By Pythagorean theorem:

= +

⎡⎢⎣(−1.2)2+

(−0.2)2+

(0.8)2+

(−0.2)2+

(0.8)2

⎤⎥⎦ ⎡⎢⎣(−0.7)2+

(−0.2)2+

(−0.2)2+

(0.3)2+

(0.8)2

⎤⎥⎦ ⎡⎢⎣−0.52+

02+

12+

−0.52+

02

⎤⎥⎦ 26



By Pythagorean theorem:

[ ]
Sum of Squares Total

= [ ]
SS Model

+ [ ]
SS Error

2.8 1.3 1.5
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By Pythagorean theorem:

2.8
SST

= 1.3
SSM

+ 1.5
SSE
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By Pythagorean theorem:

SST is the variance of our data's  values (about the
mean ). It is split into two parts:

• SSM: variation in  's explained by our model.
• SSE: variation in  's not explained by our model.

2.8
SST

= 1.3
SSM

+ 1.5
SSE

y

ȳ

y

y
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By Pythagorean theorem:

The proportion of total variation explained by our
model is called the coefficient of determination:

2.8
SST

= 1.3
SSM

+ 1.5
SSE

R2 = SSM
SST

= 1 − SSE
SST
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By Pythagorean theorem:

The proportion of total variation explained by our
model is called the coefficient of determination:

2.8
SST

= 1.3
SSM

+ 1.5
SSE

R2 = 1.3
2.8

= 1 − 1.5
2.8

= 0.46
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By Pythagorean theorem:

The proportion of total variation explained by our
model is called the coefficient of determination:

Interpretation: "46% of the y's are explained by our
linear model relating x's and y's."

2.8
SST

= 1.3
SSM

+ 1.5
SSE

R2 = 1.3
2.8

= 1 − 1.5
2.8

= 0.46
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By Pythagorean theorem:

Root mean square error (RMSE) for simple linear
regression is:

2.8
SST

= 1.3
SSM

+ 1.5
SSE

RMSE = √ SSE

n − 2
=

∥y − ŷ∥

√n − 2
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Summary:

Model Fitted Model
Sum of Squares
aka Pythagorean
Decomposition

y = ax + b = [ ] +

⎡⎢⎣2

 3

 4

 3

 4

⎤⎥⎦ ⎡⎢⎣1 1

 2 1

 2 1

 3 1

 4 1

⎤⎥⎦ a

 b

⎡⎢⎣e1

 e2

 e3

 e4

 e5

⎤⎥⎦ y−ȳ

=

ŷ−ȳ

+

residual vector

⎡⎢⎣ −1.2

  − 0.2

 0.8

  − 0.2

 0.8

⎤⎥⎦ ⎡⎢⎣ −0.7

  − 0.2

  − 0.2

 0.3

 0.8

⎤⎥⎦ ⎡⎢⎣ −0.5

 0

 1

  − 0.5

 0

⎤⎥⎦R2 =
SSM

SST
=

∥ŷ − ȳ∥2

∥y − ȳ∥2

RMSE = √ SSE

n − 2
=

∥y − ŷ∥

√n − 2
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FINDING THE LINE OF BEST FIT: IN SAS

35



Options:

• P = predicted value;
• CLM = confidence interval

data points;
infile datalines dsd;
input x y;

datalines;
1, 2
2, 3
2, 4
3, 3
4, 4
;
proc reg data=points; 
    model y=x / p clm alpha=0.05;
    plot y*x / NOSTAT;
run;
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Residual plot of  's vs  'sx y − ŷ
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How good is the fit?

•  closer to  than to .
• Root mean square error (RMSE) close to .
• Residual plot has no systematic pattern, and no

changing spread (homoscedasticity) as  varies
• No significant outliers in - and - values (which

overly influences the line's parameters)

R2 1 0
0

x

x y
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